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HILBERT’S TENTH PROBLEM AND THE INVERSE GALOIS PROBLEM
FRANCESCA BALESTRIERI, JENNIFER PARK, AND ALEXANDRA SHLAPENTOKH
ABSTRACT. We show that the inverse Galois problem over global fields can be re-
duced to Hilbert’s tenth problem over Q (and consequently over Z); that is, if there
is an algorithm to decide the existence of a solution for an arbitrary polynomial
equation over Q, then there is an algorithm to decide whether a certain group G
appears as the Galois group of a finite extension of a given global field K.
1. INTRODUCTION
Hilbert’s tenth problem asks whether there exists an algorithm that decides
the existence of integer solutions to polynomial equations in Z[x1, . . . , xn]. The
problem was posed by Hilbert in 1900 and was shown to have a negative answer
in 1960 by Matiyasevich [Mat70], building on the work of Davis, Putnam, and
Robinson [DPR61]. The negative answer to Hilbert’s tenth problem follows from
the fact that Diophantine subsets and listable subsets of Z are exactly the same.
We define these notions below.
Definition 1.1. Let K be a commutative ring with unity. A subset S ⊆ Kn is
called a Diophantine set if there exists a polynomial f ∈ K[x1, . . . , xn, y1, . . . , ym]
such that
S = {(a1, . . . , an) ∈ K
n|∃y1, . . . , ym ∈ K such that f(a1, . . . , an, y1, . . . , ym) = 0}.
A subset S ⊂ Z is decidable if there exists an algorithm (or a computer program
terminating on every input) that determines membership in the set. A subset
S ⊂ Z is listable if there exists an algorithm (or a computer program) that lists
the set.
Remark 1.2. Clearly, decidable sets are listable, but there are listable sets that
are not decidable – the most famous example being the halting set. Therefore,
from [DPR61] and [Mat70], it follows that there are undecidable Diophantine
sets. It is precisely this fact that implies that the algorithm as requested by
Hilbert does not exist.
It was discovered later that many outstanding problems in number theory and
logic can be encoded using the language of rings (otherwise known as the lan-
guage of polynomial equations): if Hilbert’s tenth problem were decidable, then
these problems would be solved too. Among the famous problems that can be
reduced to Hilbert’s tenth problem are Goldbach’s conjecture and Riemann hy-
pothesis [DMR76]. As for the problems in logic, one can construct a polynomial
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equation over Z such that ZFC is consistent if and only if the polynomial equa-
tion has no solutions in Z. Many other examples of difficult problems that can
be reduced to Hilbert’s tenth problem are given in [Poo14].
In this brief paper, we add the inverse Galois problem to the list of open prob-
lems that can be reduced to Hilbert’s tenth problem (§2).
Problem 1 (Inverse Galois problem over a field K for a group G, IGP(K,G)). Let K
be a field, and let G be a finite group of size d. Does there exist a Galois extension
L of K of degree d with Galois group G?
This problem has a long history dating back to the Kronecker-Weber theorem
(corresponding in our notation to IGP(Q,Z/nZ)) from the early XIX century. While
many special cases of this problem and its variants are known [Har87], [Koe04],
[Pop96], the general question remains open.
The connection between Inverse Galois problem and Diophantine equations
has also been investigated before. In particular, Koenigsmann shows in [Koe04]
that there is an infinite sequence of existential statements that are true over a
field K if and only if a group G is realizable over K(t) as the Galois group of
an extension L/K, with L/K regular. This variant of the problem is called the
regular IGP.
In our paper, we consider the original Inverse Galois Problem IGP(K,G), where
K is a global field (a finite extension of Q or Fp(t)) and G is a finite group, and
show that there is a single existential statement true over K if and only if the
IGP(K,G) is solvable:
Theorem 1.3. Let K be a global field and let G be a finite group. Then there exists
a polynomial equation with coefficients in K such that K has a Galois extension
with Galois group G if and only if the polynomial equation has a root in K.
We also consider a slightly more general problem that might be called the
Inverse Automorphism Problem (§4), asking whether a given field K has an ex-
tension L (not necessarily Galois) of fixed degree with a given number of auto-
morphisms.
Theorem 1.4. Let K be a global field and let m,n ∈ Z>0. Then there exists a
polynomial with coefficients in K that has a root in K if and only if K has an
extension L of degree n such that L has exactly m automorphisms over K.
In order to prove this theorem, we translate problems about structures of finite
groups from the language of groups to the language of rings, i.e. the language
of polynomial equations (§3). This translation is possible as long as the group in
question can be realized as a Galois group of a global field extension.
Remark 1.5. We denote the original H10 by H10(Z), and the same problem but
over a more general ring R by H10(R). In the theorems above, we reduce the
Inverse Galois problem over a global field K to H10(K). If K is a global function
field, then it is known H10(K) is logically equivalent to H10(Z). In the case of a
number field, we know that H10(K) is logically reducible to H10(Z). As of now, it
is not known whether H10(K) is logically equivalent to H10(Z), even in the case
of K = Q.
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Our approach relies on a new result of Dittmann [Dit18] that shows that irre-
ducibility of polynomials of a fixed degree is a Diophantine condition.
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2. H10 AND GALOIS EXTENSIONS
Let K be a global field, K a fixed algebraic closure of K, and fix d ∈ Z≥0. In
this section, we translate the relevant statements in Galois theory to existential
statements in the language of rings.
The following lemma shows that we can use a finite number of polynomials to
define Diophantine sets without changing the nature of the defined objects.
Lemma 2.1. Let f1, . . . , fr ∈ K[x1, . . . , xn]. Then there exists a polynomial g ∈
K[x1, . . . , xn] such that g(a1, . . . , an) = 0 if and only if fi(a1, . . . , an) = 0 for i = 1, . . . , r.
Proof. See Chapter 1, Section 2, Lemma 1.2.3 of [Sh06] 
Corollary 2.2. Let f1, . . . , fr be polynomials with coefficients in K, and let S ⊆ K
n
be the set defined by
S = {(a1, . . . , an) ∈ K
n : ∃y1, . . . , ym ∈ K (∀i ∈ Z1≤i≤r fi(a1, . . . , an, y1, . . . , ym) = 0)}.
Then S is Diophantine.
Below we observe that if variables in an equation range over a field, one can
use an equation to state that their values are not equal.
Remark 2.3. Let K be a field, let x, y ∈ K. Then x 6= y is equivalent to
∃z : (x− y)z = 1.
The proposition below shows that, in the existential language of rings, it is
easy to describe finite Galois extensions of a fixed degree of a given field.
Proposition 2.4. Let K be a global field, and let f ∈ K[x] be an irreducible poly-
nomial of degree d. Let α be a root of f(x), and let L = K(α). Then there exists a
system of polynomial equations with coefficients in L such that the field extension
L/K is Galois of degree d if and only if the system of polynomial equations has a
solution in K.
Proof. Let α1 := α and consider the following set of equations (in the unknowns
bi,0, . . . , bi,d−1 ∈ K, for i ∈ {1, . . . , d}) over L:

∑d−1
j=0 bi,jα
j = αi for i ∈ {2, . . . , d},
f(αi) = 0 for i ∈ {2, . . . , d},
αi 6= αj for all i 6= j with i, j ∈ {1, . . . , d},
(2.1)
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where the last inequality can be interpreted as an equation by Remark 2.3. The
above set of conditions shows, whenever there is a solution in K, that α has d
distinct conjugates, and that these conjugates all lie in L, so that the extension
is separable and normal, and hence Galois. The converse implication is obvious.

To describe the set of all Galois extensions of degree d, we will use the following
Diophantine sets.
Definition 2.5. Let K be a global field. The irreducibility set of degree d over
K is defined by the following formula
Irrd(K) :=
{(a0, . . . , ad−1) ∈ K
d : the polynomial xd + ad−1x
d−1 + · · ·+ a0 is irreducible over K}.
We note that by Corollary 5.4 of [Dit18], Irrd(K) is Diophantine over K. That is,
Irrd(K) = {(a0, . . . , ad−1 : ∃z1, . . . , zrd ∈ K such that gd(a0, . . . , ad−1, z1, . . . , zrd) = 0}.
for an appropriate polynomial gd with coefficients in K.
Notation 2.6. For the rest of the paper the polynomial gd above will denote a
Diophantine definition of Irrd(K), and we will call gd the Dittmann polynomial of
degree d over K.
Using this irreducibility set, we can re-write Proposition 2.4 without reference
to a specific irreducible polynomial.
Definition 2.7. Let K be a global field, and let d ∈ Z≥1. The Galois set of degree
d over K is
Gald(K) := {(a0, . . . , ad−1) ∈ K
d : the polynomial xd + ad−1x
d−1 + · · ·+ a0
generates a Galois field extension of degree d over K}.
We remark that Gald(K) ⊂ Irrd(K).
Theorem 2.8. Let K be a global field, and let d ∈ Z≥1. Then Gald(K) is Diophantine
over K.
Proof. Let α = α1 ∈ K be a root of the polynomial f(x) := x
d+ad−1x
d−1+ . . .+a1x+a0,
and consider the system of equations in unknowns bi,0, . . . , bi,d−1, a0, . . . , ad−1, z1, . . . , zrd ∈
K over K(α) given by


gd(a0, . . . , ad−1, z1, . . . , zrd) = 0,∑d−1
j=0 bi,jα
j = αi for i ∈ {2, . . . , d},∑d−1
i=0 aiα
i
t = 0 for t ∈ {1, . . . , d},
αi 6= αj for i, j ∈ {1, · · · , d} with i 6= j,
(2.2)
where gd is the Dittmann polynomial, and the last inequality can be converted
into an equation by Remark 2.3.
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We claim that this system has solutions over K if and only if the polynomial
f(x) is irreducible and generates a Galois extension of degree d. Before we pro-
ceed with the details of the proof, we note that (2.2) is almost identical to (2.1)
with the difference being that the polynomial f(x) is given to us via the first
equation of the system.
First we assume that the system (2.2) has solutions over K. Then by the
definition of gd, we know that f(x) is irreducible over K, and thus [K(α) : K] = d.
Further, α2, . . . , αd ∈ K(α) are all pairwise distinct and also distinct from α, and
are roots of f(x). Hence the extension K(α)/K is Galois.
Suppose now that L/K is a Galois extension of degree d. Since it is a finite
and separable extension, it is simple. Therefore, there exists an element α ∈ K
such that L = K(α). Let f(x) = a0 + a1x + . . . + ad−1x
d−1 + xd be the minimal
polynomial of α over K. Then by Corollary 5.4 of [Dit18], there exist z1, . . . , zrd
such that gd(a0, . . . , ad−1, z1, . . . , zrd) = 0. Since K(α)/K is Galois, f(x) must have
all its (distinct) roots in K(α), and therefore, α2, . . . , αd can be expressed as a
K-linear combination with respect to α, providing a K-solution to the system of
equations (2.2).
In order to show that Gald(K) is Diophantine over K, we need to rewrite the
equations above without reference to α. To that effect, we use the isomorphism
K(α) ∼= K[x]/f(x) sending α 7→ x, and rewrite (2.2) as the following system of
equations with coefficients in K[x] with the unknowns a0, . . . , ad−1, z1, . . . , zrd, bi,j
in K and using the shorthand notation f(x) := a0 + a1x + . . . + ad−1x
d−1 + xd and
hi(x) := bi,0 + bi,1x+ · · ·+ bi,d−1x
d−1 for i ∈ {2, . . . , d}, for ease of comprehension:


gd(a0, . . . , ad−1, z1, . . . , zrd) = 0
f(hi(x)) ≡ 0 mod f(x) for i ∈ {2, . . . , d}
hi(x) 6= hj(x) for all i, j ∈ {1, · · · , d} with i 6= j.
(2.3)
We now consider x in (2.3) as an element of K[x]/f(x). Then f(x) = 0, that is,
xd = −a0 − a1x − · · · − ad−1x
d−1, and we can use this equality to replace the left
side of the equivalence relation in (2.3) by an equation
∑d−1
j=0 Ai,jx
j = 0 of degree
at most d − 1 in x, with each Ai,j being a polynomial in coefficients of f and hi’s.
In other words, each Ai,j is a polynomial with coefficients in K in unknowns
a0, . . . , ad−1, z1, . . . , zrd, . . . , b0,0, . . . , bd−1,d−1 in K. In K[x]/f(x) we now have that the
sum
∑d−1
j=0 Ai,jx
j is 0. Since 1, . . . , xd−1 are linearly independent in K[x]/f(x), a
linear combination of the first d − 1 powers of x is 0 if and only if all coefficients
in the linear combination are 0. Thus we obtain the following system over K in
variables a0, . . . , ad−1, z1, . . . , zrd , b1,0, . . . , bd,d−1,:


gd(a0, . . . , ad−1, z1, . . . , zrd) = 0
Ai,j(a0, . . . , ad−1, bi,0, . . . , bi,d−1) = 0, i ∈ {2, . . . , d}, j ∈ {0, . . . , d− 1}
(bi,0, . . . , bi,d−1) 6= (bj,0, . . . , bj,d−1), i 6= j ∈ {1, · · · , d}
(2.4)
Thus, at the end we will have a system of equations with coefficients in K,
and all variables ranging over K. It is clear that the system (2.4) is equivalent to
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the system (2.3) in the sense that they have exactly the same set of solutions in
K. 
Now, we wish to recognize the Galois group of a Galois extension. Note that if
L = K(α), then the Galois group is completely determined by its action on α.
Theorem 2.9. Let K be a global field, and let G be a finite group. There exists
a system of equations (reducible to a single equation by Lemma 2.1) that has
solutions in K if and only if K has an extension of degree d with Galois group G.
That is, the set of the coefficients of monic polynomials over K generating degree d
Galois extensions of K with Galois group G is Diophantine over K.
Proof. From Theorem 2.8, we know that the set
S := {(a0, . . . , ad−1) ∈ K
d : K[x]/f(x) is a Galois extension of K}
with f(x) = a0 + · · ·+ x
d is Diophantine (cut out by the equations 2.4). We wish to
show that its subset
T := {(a0, . . . , ad−1) ∈ K
d : K[x]/f(x) is a Galois extension of K with Galois group G}
is also Diophantine. To this end, we note that the extra set of equations that
define the set T is described as follows.
If K(α)/K is a Galois extension of K with Galois group G and the conjugates
of α given by α1 := α, α2, . . . , αd, let σi ∈ G denote the automorphism sending α
to αi, i = 1, . . . , d, with σ1 = id. Then G is completely described by its table of
multiplications
σiσj = σr, i, j ∈ {1, . . . , d}.
We now show that this multiplication table can be written in terms of polynomial
equations. Write the conjugates of α over K in the form
αi =
d−1∑
j=0
bi,jα
j,
and then translate the above multiplication table to
σj(σi(α)) = σj(αi)
= σj(bi,0 + bi,1α + · · ·+ bi,d−1α
d−1)
= bi,0 + bi,1αj + · · ·+ bi,d−1α
d−1
j
= bi,0 + bi,1(
∑d−1
s=0 bj,sα
s) + · · ·+ bi,d−1(
∑d−1
s=0 bj,sα
s)d−1
= σr(α) = br,0 + br,1α + · · ·+ br,d−1α
d−1.
(2.5)
for all valid triples (i, j, r) with i, j ∈ {1, . . . , d}.
Now we are able to cut out T from S by a set of polynomial equations with
coefficients in K: in addition to the equations (2.4), use the equations obtained
from the equations (2.5). A priori, these equations involve α, but once again we
reduce these equations to equations of degree at most d in α by using the fact
that αd = −
∑d−1
i=0 aiα
i, and then eliminate α from the equations using the fact
that the set {1, α, . . . , αd−1} is linearly independent over K, implying that a linear
combination of the first d powers of α with coefficients in K is zero if and only
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the coefficient of each αi is zero. So at the end, once again, we have equations
defined over K. 
This theorem above provides an explicit link between IGP(K,G) and H10(K),
and to H10(Z) by Remark 1.5:
Corollary 2.10. If there exists an algorithm that determines whether a polynomial
equation overK has solutions inK, then there is an algorithm that decides whether
there is a Galois extension of K with Galois group G.
3. THE INVERSE SUBGROUP PROBLEM
In this section we show that one can impose various kinds of additional re-
quirements on the structure of the group G using the ideas from the previous
section, and express these requirements via polynomial equations. As an exam-
ple, we ask that the Galois group G of the Galois extension contains a subgroup
isomorphic to a given group H. (Of course, we will assume that |H| divides |G|.)
Theorem 3.1. Let K be a global field, and let G,H be finite groups. Then there
exists a polynomial over K that has solutions in K if and only if IGP(K,G) has a
positive answer, with H isomorphic to a subgroup of G.
Remark 3.2. The problem of deciding whether a group isomorphic to G has a
subgroup isomorphic to H can be determined directly by looking at their multi-
plication tables. Nonetheless, the point of the above theorem is to show that a
purely group-theoretic question (in the language of group theory) is translatable
into a question of solvability of a polynomial equation (the language of rings), as
long as the finite group G arises as a Galois group of some Galois extension!
Proof of Theorem 3.1. Let L/K = K(α)/K be a Galois extension with Galois group
G. Let G = {σi} with i = 1, . . . , d. Let H = {τj} with j = 1, . . . , r be another group
such that |G| ≡ 0 mod |H|. We assume that the group H is given to us by its table
of multiplication, namely r2 equations of the form τiτj = τk.
If H is isomorphic to a subgroup of G, then there is an injective homomorphism
from {τ1 = id, τ1, . . . , τr} to {σ1 = id, σ2, . . . , σd}, with τ1 7→ σ1. To see whether this
homomorphism exists, we consider all possible ordered (r − 1)-tuples (which are
potential injective homomorphisms H → G) of the form τ2 7→ σi2 , . . . , τr 7→ σir . For
each of these tuples, we add the following equations to the system of equations
representing the table of multiplication of G: for an equation of the form τuτs = τk
in the table of multiplication of H, we add the equations σiu = σijσik . (Such
equations can be converted into polynomial equations, initially over L, and then
over K, as in Theorem 2.8). The new system of equations has solutions in K
if and only if the tuple τ2 7→ σi2 , . . . , τr 7→ σir represents an embedding of H into
G. Finally, we combine systems of equations generated for every tuple τ2 7→
σi2 , . . . , τr 7→ σir into a disjunction. The disjunction is then translated into a
product of polynomials. 
In the same spirit, one can prove many other “inverse structure” theorems, so
that almost any question about finite groups appearing as Galois groups of some
extensions of global fields can be translated into a question about a polynomial
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equation. Below we provide another example of such a translation that we will
use for the Inverse Automorphism Problem (§4).
Theorem 3.3. LetK be a global field, andm, ℓ, k ∈ Z>0. Then there exists a polyno-
mial over K that has a solution in K if and only if there exists a Galois extension of
K of degree ℓ with Galois group G, that contains a subgroup H (satisfying |H| = m)
with exactly k conjugates in G.
Proof. We first determine all possible tables of multiplication for groups G of size
ℓ. For each such G, we now add equations that require it to contain a subgroup of
order m with exactly k conjugates. First we identify all m-subgroups by running
through all subsets of size m of G (viewed as a set) containing σ1 = id, and for
each subset we check that it satisfies group axioms (group operations, as in the
previous theorem, plus inverses) and that it has exactly k conjugates.
More precisely, to check that this is a subgroup, given a subset {σ1 = id, σi2 , . . . , σim}
of G, we add the following equations:
m∧
j=2
m∨
r=2
(
σijσir = σ1
)
,
and
m∧
i,k=2
m∨
r=1
(
σijσik = σir
)
,
where the last equation comes from the group operations of G.
Finally, let H = {σ1, σi2 , . . . , σim} be a subgroup of G. We now check that H has
exactly k conjugates. For τ ∈ G, let Hτ = {σ1, τ
−1σi2τ, . . . , τ
−1σimτ}. Let S be the
collection of all k-subsets of G containing σ1 = id. Then the requirement that H
has exactly k conjugates in G can be translated into the following equations with
variables being elements of G:
∨
{σ1,σj2 ,...,σjk}∈S
ℓ∧
r=1
∨
τ∈{σ1,σj2 ,...,σjk}
(
Hσr = Hτ
)
The equality Hσr = Hτ can be rewritten as∧
γ∈Hσr
∨
δ∈Hτ
(
γ = δ
)
.

4. CONSTRUCTING EXTENSIONS THAT ARE NOT GALOIS
In this section, we consider a generalization of the Inverse Galois Problem.
In the case of extensions that are not Galois, the number of automorphisms is
smaller than the degree of the extension. Thus, it is natural to consider the
following problem.
Problem 2 (“Inverse Automorphism Problem”, IAP(K,m, n)). Let K be a global
field. Let m ≤ n ∈ Z>0 be given and assume that m|n. Determine whether there
exists an extension L of degree n of K with exactly m automorphisms over K.
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Our plan is to conduct a systematic search of all Galois extensions M/K of
degree ℓ ≤ n! (thus relating this problem to the inverse Galois problem) to see if
they contain subfield L of degree n satisfying the requirements.
Proposition 4.1. Let K be a global field, M a Galois extension of K of degree ℓ,
and m ≤ n ∈ Z>0 with m|n and ℓ ≤ n!. A degree-n K-extension L ⊆ M with exactly
m automorphisms exists if and only if there exists a subgroup H of G := Gal(M/K)
such that |H| = ℓ/n =: r and H has exactly k := n/m conjugates in G. In this case,
the field L = MH , the fixed field of H in M.
Proof. We first remark that we must necessarily require that n|ℓ since L is a
subextension of M/K, so r ∈ Z>0.
First assume that a subgroup H as above exists. Then we claim that L = MH
gives the desired extension. Clearly, [M : L] = |Gal(M/L)| = r = ℓ/n, so [L :
K] = ℓ/r = n. We now show that L has m automorphisms over K. To do this,
we first observe that each conjugate of H in G not equal to H corresponds to a
σ ∈ Gal(M/K) such that Lˆ = σ(L) 6= L, since in this case, Gal(M/Lˆ) = σHσ−1.
Thus, there are k = n/m conjugate subfields Lˆ of L in M .
M
L
|H|=r
σ
// Lˆ
n
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
|σHσ−1|=roo
K
n
|G|=ℓ
??
Fix one such σ ∈ G with an induced isomorphism L → Lˆ. If φ ∈ Gal(M/K)
induces an automorphism of L, then σ ◦ φ restricts to an isomorphism L → Lˆ
as well. Conversely, given any τ ∈ G inducing an isomorphism L → Lˆ, we get a
K-automorphism of L via τ−1|Lˆ ◦ σ|L : L→ L.
Now, we know that there are n = [L : K] embeddings of L in M , and by the
above argument, this can be broken up as
n = #{K-automorphisms of L} ·#{conjugate fields Lˆ of L in M}. (4.1)
Therefore, we have that the number of distinct K-automorphisms of L is equal
to n/k = m, as required.
Conversely, suppose now that K ⊆ L ⊆M satisfies [L : K] = n and L has exactly
m automorphisms. Let H = Gal(M/L). Without loss of generality we can assume
that m < n, since otherwise we would be considering a Galois extension L/K and
be in the case considered in the previous section. Sincem < n, the extension L/K
is not Galois, and therefore H = Gal(M/L) is not normal. Now we use Equation
(4.1) to conclude that the number of conjugates of H is n/m = k, as required. 
Thus, IAP(K,m, n) is now reduced to the search for the appropriate Galois ex-
tension M of degree less or equal to n!. We now apply Theorem 3.3 to conclude
that there is a system of equations over K that has solutions over K if and only
if an extension of degree ℓ ≤ n! of K with required properties can be found.
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